The normalizations of the Hamiltonian of the circular restricted three-body problem at a collinear Lagrange equilibrium are used to compute approximations of its center and tube manifolds, as well as of all the dynamics in their neighbourhood. For small values of the reduced mass µ the radius of convergence of any (even partial) normalization at L1, L2 is affected by the complex singularities of the gravitational potential energy of the closest primary body, i.e. the one with smallest mass. In this paper we investigate if regularizations with respect to the body of mass µ improve the convergence of the normalizations. In particular, we consider the Hamiltonian describing the planar three-body problem in Levi-Civita regularizing variables, and we show that for a suitable interval of the value of the Hamiltonian larger than the value at the Lagrange equilibrium, the Levi-Civita Hamiltonian has a fictitious center-saddle equilibrium at which the Hamiltonian can be normalized. We find that, for a sample value of µ corresponding to the Sun-Jupiter mass ratio, the normalized regularized Hamiltonian provides approximation of the center and of the tube manifolds of L1 up to an energy corresponding to a Lyapunov orbit of amplitude which is larger than the distance |1 − µ − xL 1 | of L1 from a complex singularity.
Introduction
The dynamics near the collinear Lagrange equilibria L 1 , L 2 of the circular restricted threebody problem has gained a lot of attention in the last decades because of its relevance for the study of the slow close encounters of a small body, for example a comet or a spacecraft, with a planet (see, for example, [4, 20, 19, 8, 9, 13, 14, 11, 21, 18, 12, 3] ). Powerful methods to analyze these dynamics rely on the so called Hamiltonian reduction to the center manifold ( [9, 13, 7] ). Precisely, this is the explicit construction, for any value of an integer parameter N ≥ 3, of a canonical transformation: (x, y, z, p x , p y , p z ) = C N (Q 1 , Q 2 , Q 3 , P 1 , P 2 , P 3 ) conjugating the Hamiltonian of the (spatial) circular restricted three-body problem : to a normal form Hamiltonian 1 :
K j (Q 1 , Q 2 , Q 3 , P 1 , P 2 , P 3 ) + j≥N +1
R j (Q 1 , Q 2 , Q 3 , P 1 , P 2 , P 3 ), (2) which is analytic in some neighbourhood of the Lagrange equilibrium L i , represented by (Q, P ) = (0, 0) (the radius of the neighborhood depending on the mass ratio µ and N ), and:
K j , R j are polynomials in the P, Q of order j, the polynomials K j depend on the Q 1 , P 1 only through the product Q 1 P 1 (alternative reduction methods can be considered, see Section 2 for details). We here refer to the usual units of masses, lengths and time for the three-body problem, so that the masses of the two massive bodies P 1 and P 2 are 1−µ and µ respectively, their coordinates in a barycentric Cartesian reference frame (x, y, z) are (−µ, 0, 0) and (1 − µ, 0, 0) and their revolution period is 2π. The canonical transformation C N , obtained from a sequence of N Birkhoff normalizations (see Section 2), provides more than an approximation of the center manifold. In fact, by neglecting the remainder terms R j we obtain approximated equations of the level sets of the center manifold labelled by E ≥ E L i :
M E = Q, P : Q 1 , P 1 = 0, K j (0, 0, Q 2 , Q 3 , P 2 , P 3 ) = E , as well as for the (local) stable and unstable manifolds of M E :
In the planar circular restricted three-body problem M E are curves supporting the so called horizontal Lyapunov orbits, and W s E , W u E are two-dimensional tubes. Since E L i represents the value of the Hamiltonian h at the Lagrange equilibrium, for increasing values of E, in the set M E we find orbits of increasing libration amplitude (with respect to the equilibrium). As a consequence, for suitably large values of E, we expect a break down of the method. A natural limit for this break down is given by the singularity in the gravitational potential energy of the massive body P 2 which, for small values of µ, is close to L 1 , L 2 . We remark that, for the planar problem, the Lyapunov orbits M E are typically larger in the y coordinate with respect to the x coordinate, therefore a dangerous complex singularity is the one located at x = x L j and y = ±i 1 − µ − x L j ( for the SunJupiter mass ratio, the singularity has y = ±i0.066...), putting a severe limit to the validity of these methods for libration amplitudes in the y variable of order of 1 − µ − x L j . In this paper we investigate the possibility to overcome this limit by implementing the reduction to the center manifolds methods using the regularizations of the circular restricted three-body problem. Specifically, we consider the planar problem and the Levi-Civita transformation [17] .
Remarks:
(i) The motivations for this choice are twofold: on the one hand, the Levi-Civita transformation regularizing the planar problem is radically simpler than the KustaanheimoStiefel ( [15, 16] see also [1, 2] ) transformation regularizing the spatial problem, and therefore it allows us to evidentiate sharply the advantages and the drawbacks of the reductions of a regularized Hamiltonian, rather than focusing on the geometric properties of the Kustaanheimo-Stiefel transformation. On the other hand, since in the planar problem the center manifold is made of periodic orbits, we have the possibility of a sharp comparison of the outcomes of the Hamiltonian reductions to the center manifold with the solution of the numerical integrations, since any small error in the determination of the initial condition is easily recognized as the distance on the numerically integrated orbit from a periodic one.
(ii) Since in the planar problem the sets M E are curves supporting periodic orbits, one can find them also using general numerical methods designed for computing periodic orbits, such as the differential correction methods. The use of purely numerical methods to compute the horizontal Lyapunov orbits may work for libration amplitudes which are even much larger than the methods using Hamiltonian normalizations. However, the numerical methods do not provide an approximation of all the initial conditions in a neighbourhood of the periodic orbit, as the Hamiltonian normalizations do, and this is the fundamental information needed to study the slow transits of comets or spacecrafts close to a planet. For these reasons, we find it is interesting to investigate the validity of Hamiltonian normalizations as much as possible.
Following [17] , we first perform the phase-space translation
where x P 2 = 1−µ, and then we introduce the Levi-Civita variables, extended to the momenta and to the fictitious time τ ,
where |u| 2 = u 2 1 + u 2 2 while U = (U 1 , U 2 ) denote the conjugate momenta to u = (u 1 , u 2 ). For any fixed value of E = E L j + E of the Hamiltonian (1) (restricted to the planar case z, p z = 0), the Levi-Civita Hamiltonian:
is a regularization of the planar three-body problem at P 2 . In fact, K E is regular at u = (0, 0) (individuating a collision with P 2 ), and the solutions (u(τ ), U (τ )) of the Hamilton equations of K E with initial conditions satisfying: u(0) = 0 and K E (u(0), U (0)) = 0, are conjugate, for τ in a neighbourhood of τ = 0, via equations (5) to solutions (X(t), Y (t), P X (t), P Y (t)) of the three-body problem Hamiltonian. 2 From now on we focus our analysis for definiteness on the Lagrange equilibrium L 1 ; the regularized Hamiltonian K E has, in particular, an equilibrium point at
for all the values of
, which corresponds to the equilibrium
, and a(E) 2 decreases monotonically with E up to a(E * (µ)) = 0. Except for E = E L 1 , we have K E (u * , U * ) = 0, so that (u * , U * ) does not correspond to a solution of the three-body problem, but nevertheless can be used to perform a Birkhoff normalization the Levi-Civita Hamiltonian (6). Then, from the normalized Hamiltonian, we define the center manifold M E as well as its stable and unstable manifold W s E , W u E . In this paper we describe all the steps necessary to perform the Birkhoff normalization of the Levi-Civita Hamiltonian, in particular we first show that the fictitious equilibria (7) are of center-saddle type. Then, we compare the numerical computation of Lyapunov orbits obtained from the normalization of the Levi-Civita Hamiltonian with the computations obtained from the normalizations using Cartesian variables. We find that, for the Sun-Jupiter mass ratio, the normalization of the Levi-Civita Hamiltonian provides Lyapunov orbits with amplitude which is larger than a factor 1.4 |1 − µ − x L 1 |, and we discuss while for larger radii we observe a break-down of this method. We also compute the stable manifolds W s E for values of E such that the amplitude of the corresponding Lyapunov orbit is larger than |1 − µ − x L 1 |. We remark that, to understand how the tube W s E folds around the singularity P 2 , it is important to consider if the orbits with initial condition on the stable manifold very close to the Lyapunov orbit, when they are integrated backward in time, circulate around the singularity P 2 clockwise or anticlockwise. We find that, while for small values of the energies, all such orbits perform the first circulation clockwise, for the largest values of the energy that we consider, we find that some of these orbits perform the first circulation clockwise while others perform the first circulation anticlokwise. As a consequence, in the two different cases, the projection of the tubes on the plane xy gives very different pictures.
2 Normalization of the Levi-Civita Hamiltonian at L 1
In this Section we describe the normalization of the Levi-Civita Hamiltonian providing the reduction to the center manifold. For definiteness, we describe the normalization at L 1 .
Equilibrium points of K E . We first compute the fictitious equilibria of the Levi-Civita Hamiltonian, for different values of E, which are located at the x-axis and with x 1 < x < x 2 , so that u * ,1 = 0, U * ,2 = 0, u * ,2 = a ∈ (−1, 0), U 1, * = −2u 3 2, * where a satisfies F (a, E) = 0 with The solutions (a, E) of the equation F (E, a) = 0 are easily expressed in the form E = E(a), represented in figure 1 for the Sun-Jupiter case. Note that:
-there exists a critical upper value for the energy,
(e.g. E * ∼ −1.49809 for µ = µ Jup = 0.0009537) for which the fictitious equilibrium is on the singularity at (u 1 , u 2 ) = (0, 0).
-since the sets M E exist only for E ≥ 0, we have a natural lower limit for E > E L 1 .
Therefore, E is restricted to the interval E L 1 < E < E * ; moreover, since
for all µ ∈ (0, 1/2) and a ∈ (−1, 0), by denoting with a(E) the inverse function of E(a), we have a ∈ (−a(E L 1 ), 0). In the following we continue the study by considering a ∈ (−a(E L 1 ), 0) as a free parameter and determining E correspondingly.
Remark:
(iii) The critical value (9) appears in the study of close encounters with P 2 as a threshold value for considering a close encounters fast or slow (see, for example, section 3.1 of [10] ). With this classification we are considering the regime of slow close encounters.
(iv) For small values of µ, the energy interval (E L 1 , E * ) seems small (i.e., for µ = µ j , we have (E L 1 , E * ) ∼ (−1.5193, −1.49809)) but, as a matter of fact, tiny variations of the energy in this interval produce large variations in the amplitude of the Lyapunov orbits.
To determine the nature of the fictitious equilibria (7), we consider that the matrix representing the linearization of the Hamilton equations of K E at (u * , U * ) (here written as a function of the parameter a, the energy being replaced by E(a)):
has four eigenvalues γ which are the solutions of the quartic equation det(M − γI) = 0, i.e.
The nature of the eigenvalues is determined by the values of the functions A, B, which we compute numerically with reference to the domain of interest for a, µ, which is identified as follows: for any µ ∈ (0, 1/2), we consider the interval a ∈ (a(E L 1 ), 0). We find that for all these values of a, µ the fictitious equilibrium is of saddle-center type, with two imaginary eigenvalues ±iω and two real eigenvalues ±λ, with λ, ω > 0. In particular, for a going to zero, both λ, ω tend to zero as (a constant multiplying) a 2 (see figure 1 , left panel). The fact that for increasing E, the values of λ, ω are decreasing, represents the main reason for the break down of the normalization method at suitably large E.
The quadratic part of K E expanded at (u * , U * ). For the values of E such that the LeviCivita Hamiltonian K E has a saddle-center equilibrium in (u * , U * ) there exists a canonical change of variables
(note that q 2 , p 2 ∈ C, but for real values of u, U they satisfy
where
and k j (q, p) are homogeneous polynomials of degree j. Hamiltonian in Eq. (13) is the starting point for the application of a Birkhoff normalizing algorithm. From now on, we will denote (q 1 , q 2 , p 1 , p 2 ) = (ξ, q, η, p), so that the couple of variables ξ, η is related to the hyperbolic behaviour, while the couple of variables q, p is related to the elliptic behaviour.
Normalization of the Levi-Civita Hamiltonian at L 1 . We reproduce with the LeviCivita Hamiltonian the methods of reduction to the center manifolds which have been introduced in the Cartesian variables ( [13] , [7] ). Precisely, we perform a partial normal form scheme that uncouples (up to any arbitrary order) the hyperbolic variables ξ, η from the elliptic variables q, p. The reduction is done as usual with a near to the identity canonical transformation which conjugate the original Hamiltonian, expressed in terms of monomials of the type
to a transformed Hamiltonian with the following properties, according to different strategies:
(a) the transformed Hamiltonian depends on the variables ξ, η only through their product ξη (i.e. the canonical transformation eliminates every monomial for which k 2 = l 2 , see [13] ); (b) the transformed Hamiltonian contains two type of monomials (15): monomials independent of ξ, η and dependent on the q, p only through their product qp; monomials at least quadratic in ξ, η (i.e. the canonical transformation eliminates every monomial for which k 2 + l 2 = 1, or those which simultaneously satisfy that k 2 + l 2 = 0 and k 1 = l 1 , see [7] ); (c) the transformed Hamiltonian contains two type of monomials (15): monomials independent of ξ, η; monomials at least quadratic in ξ, η (i.e. the canonical transformation eliminates every monomial for which k 2 + l 2 = 1).
If one is interested only in the computation of the center manifold M E (the Lyapunov orbits for the planar case), then the best strategy is to adhere to the procedure that requires the minimum amount of eliminations, i.e. (b) or (c), so that one expects a largest radius of convergence of the normalized Hamiltonian (and a largest value of E). If one is interested also in the computation of the stable and unstable manifolds W s E , W u E , and also of the dynamics in their neighbourhood, then one adheres to the procedure (a).
The reduction of order N is obtained by composition of N − 2 sequence of near to the identity canonical transformations, called Birkhoff steps, conjugating the Hamiltonian K (0) E (ξ, q, η, p) to the sequence:
where the K j , R (i) j are polynomials of order j, and the K j are in normal form, according to the strategy (a),(b),(c) defined above, K 2 = k 2 (k 0 , k 2 have been defined in (14) ). For example, if we follow strategy (a), each canonical transformation of the sequence is the Hamiltonian flow at time 1 of the generating function χ i defined by
where the coefficients α
are obtained from:
We remark that the canonical transformations C χ i generated by χ i , the compositions of transformations C N = C χ 1 • . . .
• C χ N −2 , as well as the normalized Hamiltonian
are explicitly constructed using the Lie series method (for an introduction to the method, see [6, 5] and references therein).
Numerical Examples
In this Section we describe how to use the normalization of the Levi-Civita Hamiltonian to compute the level sets M E of the center manifold as well as of their stable and unstable manifolds W s E , W u E , and we provide some comparisons with the normalizations implemented using the Cartesian variables.
For a given value of a ∈ (a(E L 1 ), 0), corresponding to an energy E, one first computes the normalized Levi-Civita Hamiltonian (19) (according the the strategies (a), (b) or (c) ) for a certain order N of normalization, so that the remainder terms R j are polynomials of degree larger than N . Then, we neglect the remainder terms R j in the normalized Hamiltonian and we remain withK
Independently on the strategy (a),(b),(c), the set M E is represented in the normalized variables by
and then it is mapped back to the original variables using the inverse of the canonical transformation C N and all the transformations needed to pass from the Cartesian variables (x, y, p x , p y ) to the regularized variables (u, U ) and to the variables (ξ, q, η, p).
Remark:
(v) The error in computing the set M E by neglecting the remainder terms R j depends on the norm of the remainder in the set M E , which is bounded by
where the coefficient α N depends on N and where ρ denotes the maximum amplitude in the variables q, p of the set M E . In principle, one wishes to use the largest possible value of N which is compatible with a reasonable CPU time and memory usage of modern computers. However, as it is typical of normalizing transformations, the coefficients α N can increase with N so that it may happen that α N ρ N decreases only up to a certain value of N , depending on ρ. In this paper, we do not quantify a priori these errors, but we will set up a numerical method method to estimate their effects. In particular, rather than constructing the stable and unstable sets W s E , W u E , we will construct two surfaces, which we call the inner and outer stable/unstable tubes, containing the sets
(vi) The values of the coefficients α N increase also as the energy E increases, since the values of λ, ω, which appear at the denominators of the generating functions χ i , decrease. Moreover, since also ρ increases as the energy increases, we have an increment of the error terms α N ρ N which limits the validity of the method up to a certain value of a c ∈ (a(E L 1 ), 0).
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The stable and unstable manifolds W s E , W u E are instead computed from the normalization implemented using strategy (a). In this case, the sets are represented in the normalized variables by
and then mapped back to the original Cartesian variables (x, y, p x , p y ). As a matter of fact, since the normalizing transformation is valid only in a small neighbourhood of the set M E , we compute the following sections of the stable and unstable manifolds:
with suitably small values of η 0 = 0, ξ 0 = 0. Then, the tubes W s E , W u E are constructed by computing numerically the orbits with initial conditions in a grid of points of (20) .
We quantify the effect of the errors in the computation of the sets M E , W s E , W u E as follows:
(1) We consider a point in the set M E , computed as explained above. Then, we represent it in the Levi-Civita variables (u, U ), we integrate numerically the Hamilton equations of the Levi-Civita Hamiltonian (6) and we represent the solution in the Cartesian variables (x(t), y(t)). In the case the initial condition is on the Lyapunov orbit, without any error, the numerical integration should provide a periodic orbit of period T ; otherwise, the numerically integrated orbit does not exactly closes after T , and the distance of (x(T ), y(T )) from (x(0), y(0)) provides an estimate of the error in the computation of M E .
(2) We consider for definiteness the stable manifold, and its branch which extends on the right of the Lyapunov orbit, towards the singularity; the set W s E computed from the first of equations (20) is affected by some error. But, as done in [12] , we can profit of a property of the tube manifolds to construct numerically two surfaces, which we call the inner and outer stable tubes W are very close, the numerical errors in the computation of W s E is small. The inner and outer stable tubes are defined as by computing the two cycles:
with 0 < ξ 0 << η 0 . The parameters ξ 0 , η 0 are chosen so that by computing the initial condition on the two cycles (21) forward in time, we observe that all the orbits with initial conditions on one cycle approach the Lyapunov orbit and then bounce back on the right, while all the orbits with initial conditions on the other cycle approach the Lyapunov orbit and then transit on the left. Since the stable manifold is a separatrix for the motions which approach the Lyapunov orbit and then transit on the left or bounce back to the right, by computing the backward evolution of orbits with initial conditions in the cycles (21) we obtain two tubes containing the tube manifold W s E .
We here report some computations for the Lagrangian equilibrium L 1 , using the Sun-Jupiter mass ratio. In figure 2 we represent the Lyapunov orbits computed using method (a) (right panel), and method (c), left panel. As it was expected, with the method (c) we reach a larger value for the amplitude of the Lyapunov orbit with respect to the method (a). In figure 3 we show for comparison the computation of Lyapunov orbits using the normalization of the Hamiltonian expressed with the Cartesian variables. We observe that the largest Lyapunov orbit obtained with the Cartesian variables-strategy (b) is comparable with the largest Lyapunov orbit obtained with the Levi-Civita variables-strategy (c), even if the amplitude is well beyond the limit of the complex singularity in the gravitational potential generated by P 2 . A possible explanation is that the difference between the potential energy and its Taylor expansion at L 1 , for these values of the libration, is mitigated by the multiplying factor µ ∼ 10 −3 . Instead, the largest Lyapunov orbit obtained with the Cartesian variables-strategy (a) corresponds approximately to the distance |1 − µ − x L 1 | of a complex singularity from L 1 . A possible explanation of the fact that the method (a) does not work beyond the complex singularity could be in the largest number of terms to eliminate to put the Hamiltonian in normal form. Since for the computation of the stable and unstable manifolds we are forced to use method (a), we have an indication of the improvement introduced by the Levi-Civita variables, which allowed us to reach a libration amplitude of about 1.
In figures 4, 5, 6, we represents the inner and outer stable tubes computed using the normalized Levi-Civita Hamiltonian, for a = 0.255, 0.25, 0.23. From the top panels we appreciate that the inner and outer stable manifolds are correctly identified; from the right panels we appreciate the computation of longer parts of the inner and outer tube. It is remarkable that for the smaller values of a (a = 0.255, 0.25), all the orbits on both tubes departing from the sets (21) backward in time transit at the right of the body P 2 , while for a = 0.23 (see figures 6 and 7) there are orbits that transit on the right and also orbits that transit on the left of P 2 . As a consequence, in the two different cases, the projection of the tubes on the plane xy gives very different pictures. On the top panels we represent separately the orbits with initial conditions of both tubes integrated forward in time approaching in both cases the Lyapunov orbit, but then the orbits on one tube bounce back, while the orbits on the other tube transit on the left of the Lyapunov orbit. On the bottom panel we represent the orbits with initial conditions of both tubes (in green and red respectively) integrated backward in time. We appreciate that they are almost overlapped. The black curve represents the Lyapunov orbit, the blue curves represent initial conditions in the inner and outer tubes, the shaded area represents the realm of forbidden motions for this value of the energy. 14 figure 6 . The bold black curves represent a selection of orbits which allow to better appreciate the behavior close to the body P 2 .
